This work presents a numerical study of the 4:1 planar contraction flow of a viscoelastic fluid described by the simplified Phan-Thien-Tanner model under the influence of slip boundary conditions at the channel walls. The linear Navier slip law was considered with the dimensionless slip coefficient varying in the range ½0; 4500. The simulations were carried out for a small constant Reynolds number of 0.04 and Deborah numbers (De) varying between 0 and 5. Convergence could not be achieved for higher values of the Deborah number, especially for large values of the slip coefficient, due to the large stress gradients near the singularity of the reentrant corner.
Introduction
In industrial processes, such as those involved in polymer processing, the existence of contraction flows is very common. The development of vortices in these geometries affects the smoothness of the flow and promotes the appearance of instabilities, as reported by Kim and Dealy [1] and Miller et al. [2] . The flow through a 4:1 planar sudden contraction under conditions of creeping flow and no wall slip is a long standing classic benchmark problem in computational rheology [3] .
A wide range of experimental, theoretical and numerical studies have been carried out in the past regarding contraction flows of Newtonian and non-Newtonian fluids. For the experimental work we highlight the book of Boger and Walters [4] where most of the relevant non-Newtonian flow phenomena are illustrated. Other interesting flow dynamics features, related to elasticity, were also reported experimentally, as the divergent streamlines [5] , characterized by a strong curvature of the upstream streamlines moving away from the centerline towards the duct walls; the cat's ears phenomenon found in smooth contraction flows [6, 7] , where the nearly 2D flow suddenly exhibits strong velocity overshoots near the walls at the contraction region; and the secondary flow inversion observed in 3D square/square contractions [8, 9] , in which the flow direction inside the separated flow region is reversed due to viscoelasticity. Extensive literature reviews of experiments in contraction flow were presented by McKinley et al. [10] and Owens and Phillips [3] , where they show that, for some shear-thinning fluids, there is corner vortex enhancement following the formation of a lip vortex, which initially grows and subsequently merges with the corner vortex, whereas for Boger fluids the lip vortex mechanism is absent and the corner vortex keeps growing with De. For all fluids the steady single corner vortex keeps growing with De until the flow eventually becomes unsteady above a critical De. In terms of theoretical investigations of viscoelastic flow in the vicinity of the reentrant corner in a planar contraction we highlight the works by Hinch [11] , Renardy [12] and a series of investigations by Evans and Sibley [13, 14] . In terms of numerical simulation the monograph by Owens and Phillips [3] gives a detailed overview of the progress in numerical analysis, and an in depth review on the pioneering numerical works can be found in Keunings [15] . There are several other important works on contraction flows, such as Refs. [5, 9, [16] [17] [18] [19] [20] [21] [22] .
All these works assume the usually employed no-slip boundary condition at the walls. The few exceptions that we are aware of regarding contraction flows with wall slip, are the numerical works of Sunarso et al. [23, 24] investigating the effect of wall slip on the flow behavior in macro and micro contraction channels, Yasuda and Sugiura's [25] experimental and numerical studies of contraction flows with the nonlinear Navier slip boundary condition, and the analytical study of inertialess planar contraction flow of Joshi and Denn [26] with the linear Navier slip boundary condition. Although Sunarso et al. [23, 24] have analyzed this problem, they used a different constitutive equation (single mode FENE-P model) and their investigation is limited to a small range of slip coefficients.
The challenge of establishing quantitative agreement between the numerical results and the experimental observations is a demanding need [27] and this cannot be achieved if the correct boundary conditions are not applied. It is known that various polymer melts exhibit wall slip [28] [29] [30] but when modeling viscoelastic flows, wall slip velocity is usually not taken into account. It is therefore important to assess the influence of wall slip velocity on the fluid flow and, for that reason, this work presents a numerical study of the 4:1 contraction flow with the Navier slip boundary condition for a large range of dimensionless slip coefficients, k Ã l 2 ½0; 4500, and Deborah numbers, De 2 f0; 1; 2; 3; 4; 5g. This geometry was chosen in order to investigate the direct influence of the slip velocity by analyzing the vortex sizes. Both Newtonian and non-Newtonian fluids modeled by the simplified PTT model (sPTT) are studied. A detailed study of the flow characteristics, focusing on the influence of wall slip velocity coefficient on the vortex growth, intensity and sizes is provided. For such purpose, we use an efficient procedure that calculates the slip velocity along the iterations of the numerical procedure, by incrementally increasing the slip velocity, so that a smaller slip velocity than the velocity at the center of the nearest computational cell, is obtained (a necessary condition to avoid numerical divergence [31] ).
This introduction is followed by Section 2 where the governing equations together with the wall slip boundary condition employed are presented. In Section 3 we briefly describe the algorithm used to solve the governing equations and we present the geometry and the flow characteristics. The results are presented and discussed in Section 4, divided into three parts: first, the slip flow is analyzed for Newtonian fluids, followed by a detailed investigation of the flow of the sPTT fluid for De ¼ 1 and finally the main flow features for the remaining studied Deborah numbers. The main conclusions close the paper.
Governing equations
The governing equations for confined flow of incompressible fluids are the continuity,
and the momentum,
equations, where u is the velocity vector, p is the pressure, q is the fluid density and s ¼ s s þ s p is the deviatoric stress tensor. The stress tensor is given as a sum of a solvent contribution,
where g s is the solvent viscosity) and a polymer contribution, s p , which in this case is described by the simplified Phan-Thien-Tanner (sPTT) model [32] :
where f tr s ð Þ is a function depending on the trace of the stress tensor, k is the polymer relaxation time and g p is the polymer viscosity coefficient. For the function f trs ð Þ we use its linear form, given by
where e is the extensibility parameter that bounds the steady-state extensional viscosity of the sPTT fluid. This constitutive equation was chosen because it has been extensively studied in contraction flows in the absence of slip (see Alves et al. [20] and the literature cited therein). In order to include the wall slip boundary condition, the usual no-slip boundary condition u ¼ 0 ð Þwas replaced by the Navier slip law [33] at the wall,
where n is the unit normal vector at the boundary, and k l 2 ½0; þ1Þ is the slip coefficient that controls the intensity of wall slip velocity. Eq. (5) states that the wall velocity u wall (tangent to the wall) is in the opposite direction to the surface traction force n Á s.
Numerical method and geometry
The system of Eqs. (1)- (3) is solved using a methodology based on the finite volume method algorithm. The SIMPLEC method of Van Doormaal and Raithby [34] , extended by Oliveira et al. [35] to incorporate viscoelastic fluids, is used to couple velocity, pressure and stress fields [35] . The efficient handling of slip boundary conditions requires some changes in the overall procedure that are now described. For simplicity and ease of understanding we assume a 2D flow and the existence of slip velocity at a north wall face (see Fig. 1 ).
The discretization of the continuity equation, Eq. (1), results in the flux balance for each computational cell (see [35] for more details). Because there is no fluid crossing the impermeable wall ðu Á n ¼ 0Þ, the assumption of slip velocity does not alter the usual discretization (considering the no-slip boundary condition) of this equation. In the discretization of the momentum equation, Eq. (2), the only term that is affected by the slip velocity is the diffusive term and the boundary at the wall, that comprises the contribution from both the solvent and the polymer.
The integration of the 2D momentum equation, specifically the second term on the right-hand-side of Eq. (2) leads to the following expressions, for x and y momentum equations, respectively,
The use of the Gauss theorem results in the following discretization, Note that because we use a non-staggered collocated grid, the stresses are calculated at the center of the control volumes.
For the evaluation of g s @u @y
and g s @v @y
at the wall, we can use, for example, a one-sided first-order finite difference, 
@/ @y
At the computational control volume bordering the wall, the left-hand-side of this system of equations is not influenced by the slip velocity, as shown in the discretization given below (for a general stress component s ij )
where F f is the flow rate that crosses face f (with f equal to e; w; n and s). For the cell under consideration F n is null. In the discretization of the transient term, we consider a first-order Euler method. We note that the first-order of this integration has no influence in the accuracy of the steady-state results reported in this work. The discretization of the right-hand-side of Eq. (11) 
where u wall is the slip velocity evaluated with the slip model and v wall ¼ 0 (for a north wall). Note that for an east wall cell face we would have u wall ¼ 0 and v wall -0.
In order to determine the slip velocity we need to use the slip model, here given by Eq. (5). For the particular geometry used in our simulations, which is a contraction, we only have walls at the north and east cell faces. For a north wall cell face we have that,
and for an east wall cell face we obtain,
where s xy p is the polymeric shear stress at the wall, obtained by linear extrapolation of the shear stresses at the nearest cell centers in the normal direction.
To solve the system of equations the following iterative procedure is used:
(1) Set the boundary conditions, the initial (tentative) velocity, stress and pressure fields. (2) Solve the extra-stress equations for the non-Newtonian model, Eqs. (12) and (13). (3) Compute the wall-slip velocity with the discretized slip model, Eqs. (14) and (15). (4) Since we are looking for the steady state solution the use of a pseudo-time evolution is only for relaxation purposes, i.e., each time step represents one iteration i.
Since there is no control over the evolution and growth of the slip velocity, for most cases it is mandatory to use under-relaxation, u iÃ ws ¼ Ru
ws , with 0 < R < 1. The relaxation factor R can be a function of the difference between the slip velocity and the velocity at the center of the nearest computational cell, u P À u ws j j (an essential condition for convergence is u ws < u P [31] ), resulting in the use of significant under-relaxation factor at the beginning of the iterative process, which can subsequently be reduced as the numerical solution converges. We also used as convergence criteria in step 7 (besides the usual convergence criteria based on the residuals of the momentum, pressure and constitutive equations), the residual, Res, resulting from the difference between the slip velocity evaluated by Eqs. (14) and (15) and the slip velocity obtained from the use of classical relaxation. This new residual is given by,
where j index spans over all wall cell faces (north and east faces for the present case study). Note that in a previous work [31] , we proposed a different method to calculate the slip velocity at the wall. That method is more stable, but at the cost of neglecting stress advection at the wall. The method described in [31] provided slight different results when compared to the more accurate method proposed in this work, when considering viscoelastic fluids.
Geometry
The geometry of the 4:1 contraction used in the present study is given in Fig. 2 . The computational domain was divided into five blocks (see Table 1 and Fig. 2 ) and only half of the channel is considered because of symmetry. We use three different meshes (MC1, MC2 and MC3 - Table 1 ). Refinement between consecutive meshes is consistently done by doubling the number of cells in each direction and using square-rooted cell contraction/expansion factors. The notation n x and n y is used to represent the number of cells in the x and y directions, respectively, f x and f y are the contraction/ expansion ratios between sizes of consecutive cells that allow to adjust the concentration of cells in zones where high gradients are expected to occur. The most refined mesh (MC3) has 199,344 cells and a zoomed view of the more refined zone is shown in Fig. 3 . More details regarding these three meshes can be found in Table 1 . Fig. 2 ). The vortex intensity is defined as the flow rate per unit depth inside the vortex normalized by the flow rate per unit depth at the entrance, U 1 H 1 :
where w R is the streamfunction value at the vortex center (we consider w R ¼ 0 at the centerline, y ¼ 0). As shown in Figs. 4 and 5, the vortex decreases with the increase of the slip coefficient and it disappears at k
% 50. Regarding the vortex intensity, we found that it increases from k Ã l ¼ 0 to k Ã l % 0:5 and then decreases until vanishing when k Ã l further increases. For a small amount of slip the flow is essentially affected only in the vicinity of the wall where there is a reduction of the shear rates with accompanying reductions in dissipative friction, thus increasing the vortex strength while the vortex remains essentially unchanged (cf. Fig. 4 ). As k Ã l is further increased the slip effect penetrates further into the channel and leads to a reduction in size and consequently in the strength of the recirculation. With a very large slip coefficient, the flow behaves essentially as an inviscid fluid flow, which is able to negotiate all the obstacles and no recirculation develops.
Singularity behavior (variation along the line h ¼ p=2)
In all Newtonian fluid flow cases there was no lip vortex and this allowed the measurement of the asymptotic variation of the stress and velocity components in the vicinity of the reentrant corner at h ¼ p=2 measured counterclockwise from the incoming flow direction (cf. Fig. 2 ). This way we can compare our results with the theoretical studies of Moffatt [36] , and Dean and Montagnon [37] , for the asymptotic behavior of a fluid near the reentrant corner (Fig. 6 ). These authors found that the asymptotic behavior of velocity and stress components near the reentrant corner are given by [37] ,
where r is the distance measured from the reentrant corner. In Fig. 6 we can see a good agreement between the no slip numerical results 
Couette correction
In order to investigate the entry viscous losses, we also studied the variation of the Couette correction with the slip coefficient. The Couette correction is given by [38] , where Dp represents the pressure drop between the entrance and the exit of the contraction (in regions where the flow is fully-developed), Dp 1FD ; Dp 2FD denote the pressure drop for fully developed Poiseuille flow in the entry and exit channels (between the same points considered for Dp), with widths H 1 and H 2 , respectively, and s w is the total wall shear stress (encompassing both solvent and polymer contributions) for fully-developed flow in the exit channel. A non-linear relationship between C and k Ã l is observed, as shown in Fig. 7(a) . For small values of the slip coefficient we observe a slight increase in C followed by a sudden exponential increase. For k In order to understand why C Ã increases with k Ã l , we plotted separately in Fig. 8 . It is clear that by increasing the slip coefficient these fully-developed pressure drops decrease significantly faster (and even tend to zero) than the reduction in the overall pressure drop, which includes the non-negligible entry pressure drop due to the strong extensional flow at the contraction. 
Error (%) As shown in Fig. 9 (a) the variation of X R with k Ã l is nonmonotonic with a local minimum at k Ã l % 0:2 and subsequent increase in length, in strong contrast to the Newtonian fluid behavior. This is a consequence of the competition between viscous and elastic effects, both coupled with slip. At low values of k Ã l , and as for Newtonian fluids, the viscous effects predominate over the elastic effects and the reduction of the near wall shear rates associated with slip leads to a local reduction of dissipative effects and to a small decrease in X R (notice that a region of separated flow is a fairly effective means of locally dissipating energy). However, as k Ã l increases the elastic effects also intensify, leading to the formation of a lip vortex which grows slowly for low values of k Ã l and more intensely as k Ã l increases, engulfing the corner vortex and increasing in size. The increase in X R with k Ã l is asymptotic because the growth of the elastic recirculation is not dominated by the near wall forces, but by the normal stresses associated with the extensional flow in the central region of the contraction, so the vortex ceases to grow above k Ã l % 100 when the elongational type of flow ceases to change with k Ã l . Since the increase of slip reduces both the near-wall viscous shear stress and the elastic shear-induced normal stress, we show in this way that the corner vortex is essentially determined by viscous forces while the lip vortex and its growth are essentially determined by the extensional elastic stresses in the central region of the geometry. Regarding the corner vortex intensity, Fig. 9(b) shows that it increases with the increase of the slip coefficient and this increase is due at low values of k Ã l to the reduction of viscous losses within the vortex, already observed with Newtonian fluids, followed subsequently by the increasing effect of the enhanced elastically driven lip vortex. The specific values of W R have to be analyzed with care, especially when the corner and lip vortices co-exist given the distortion induced by each one on the other, with obvious consequences in terms of accuracy. For the three meshes used we find that for k Ã l ' 0:03 the two vortices begin to merge until a single and larger vortex is formed at k Ã l ' 0:3. Further increasing k Ã l leads to vortex growth and modifications in its curvature, as shown in the streamline plots of Fig. 10 (obtained using mesh MC3) .
For the lip vortex dimension Y lip , accurate results are much more difficult to obtain and require very refined meshes. This happens because the top part of the increasing lip vortex starts to rotate in the counterclockwise direction (as seen in Fig. 11 ) meaning that the results obtained for the Y lip are deceived by that rotation.
Regarding the lip vortex intensity, W lip , Fig. 12 shows that it increases with the slip coefficient, but we could find the existence of a region of higher uncertainty at low k Ã l . This happens in the cases where the two vortices coexist and because their specific location is very sensitive to the mesh characteristics. Finally, the lip vortex becomes the main vortex above k Ã l ' 0:3 and high levels of vortex intensity are obtained. The existence of two vortices with one vortex engulfing and absorbing the other while increasing the elasticity was also found by Xue et al. [17] for an Oldroyd-B fluid employing the no-slip boundary condition. These features were also present in the high Deborah-number contraction flows investigated by Afonso et al. [22] , in which the elastic lip vortex increases in size and eventually reaches the corner vortex region, and merges with it in a fairly complex dynamic process. This merging-growth regime occurs at De ' 4:5 for the Oldroyd-B model with no slip, corresponding to the minimum value of X R [22] .
The Couette correction was also calculated and we found a similar dependence on k Ã l as for the Newtonian fluid, increasing with the increase of the slip coefficient as shown in Fig. 13 and in Table 2. 4.2.1.2. Variation of velocity and stresses near the wall. In order to assess the effects of slip velocity on the distribution of velocity and normal stresses, the streamwise components of these variables were monitored near the downstream channel walls, along the horizontal line y=H 2 ¼ 0:9985. For the velocity, Fig. 14(a) shows its smoothing with the increase of the slip velocity, except near the reentrant corner where a large gradient is usually found. For the dimensionless first-normal stress difference, N 1 ¼ s xx À s yy (normalized with 3g 0 U 2 =H 2 ) we observe, in Fig. 14(b) , higher values near the singularity at higher k 
Effect of elasticity
The 4:1 contraction flow was also simulated for more elastic flow conditions, including De ¼ 2; 3; 4 and 5. For higher values of De convergence could not be achieved for high slip coefficients. This contrasts with the no-slip simulations of Alves et al. [19] with the sPTT fluid, which converged at least up to De ¼ 100, using the same methodology. These results thus show that the slip velocity strongly influences the convergence properties of the sPTT fluid flow mainly due to the higher normal strain/stress gradients that occur near the reentrant corner. Notice also that the computations were performed on half of the domain, but it is known that the viscoelastic flow through a sudden contraction of some viscoelastic fluids, like the Oldroyd-B fluid, exhibits time dependency and is no longer symmetric above a critical De [22] . For De ¼ 0; 2; 3; 4 and 5 the results qualitatively follow the same trends of the De ¼ 1 case, as shown in Fig. 15 . Fig. 15(a) plots the vortex size whereas Fig. 15(b) shows that the vortex intensity W R and the vortex size X R both increase with the Deborah number for several constant values of slip coefficient ðk Ã l ¼ 0; 0:18; 45Þ and also increase with slip coefficient at constant De. As an example, for De ¼ 5 W R % 3 for the no-slip case, and increases up to W R % 50 for k Ã l ¼ 45 (see Fig. 15(b) ). For the modified Couette correction C Ã we see that the presence of wall slip velocity leads to an extra pressure loss (C Ã > 0).
Conclusions
Numerical simulations were performed for the flow of Newtonian and non-Newtonian fluids past an abrupt 4:1 planar contraction in the presence of wall slip. To model the non-Newtonian fluid the sPTT constitutive equation was used and slip on all walls was described by the linear Navier slip law. Slip was found to have a dramatic impact upon the dynamics of separated flow upstream of the contraction, especially for viscoelastic fluids.
For the Newtonian fluid the vortex decreases in size until it eventually disappears with increasing slip velocity, even though for weak values of slip a slight increase in vortex intensity was observed. Although it seems unlikely for a Newtonian fluid to present these high levels of slip velocity, the results are helpful for the interpretation of the slip effects.
For non-Newtonian fluids the corner vortex tends to decrease with slip, but only for low values of the slip coefficient, along with the formation of a lip vortex. As slip increases the lip vortex grows, engulfs and absorbs the corner vortex, promoting an increase in size and curvature modification of the flow recirculation boundary, very much as previously observed with Oldroyd-B fluids without wall slip. It was also found that the vortex dimensions increase with De, thus slip enhances significantly the effect of elasticity observed in the no-slip cases. For De > 5 it was not possible to achieve convergence with wall slip, mainly due to the high stress gradients appearing near the re-entrant corner. Considering that in the absence of slip, and for the same constitutive model, Alves et al. [19] were able to obtain converged solutions up to De of order 100 it is clear that the high Deborah-number problem is enhanced by the presence of wall slip. These results are useful to interpret and model fluids subjected to slip boundary conditions such as some polymer systems used in polymer processing industries.
